In this paper, the original Chua's circuit is modified by substituting its piecewise-linear function with an attraction-repulsion function. Some new complex dynamical behaviors such as chaos are observed through computer simulations. Basic properties of the new circuit are analyzed by means of bifurcation diagrams. Lagrange stability conditions of the circuit are derived. A comparison between this modified Chua's circuit with an attraction-repulsion function and the modified Chua's circuit with a cubic nonlinear function is presented. Moreover, a generalization of the new circuit that can generate multiple scrolls is designed and simulated. Finally, a physical circuit is built to visualize the new system, with some experimental observations reported.
Introduction
Chaotic dynamics in physical systems have been observed and analyzed for a long time in the nonlinear science history, with the first physical chaotic system built in the laboratory by Chua and his colleagues [Chua et al., 1986; Chua, 2002a] .
Today, Chua's circuit has been recognized as a classical paradigm in the study of chaos and bifurcation theories, in which the piecewise-linear nonlinearity plays an important role which was modified in several different ways particularly by a hysteresis function [Kennedy & Chua, 1991] , a cubic function [Zhong, 1994] , or a sine function [Tang et al., 2002] , etc.
In this paper, the original Chua's circuit is further modified with an attraction-repulsion function. The attraction-repulsion function is a nonlinear function, with long-range attraction and shortrange repulsion, useful in the study of swarming behaviors in biological systems [Okubo, 1986; Gazi & Passino, 2002a , 2002b . For further theoretical study and practical applications of chaos theory to circuits and swarms, it is worth investigating the possible use of the attraction-repulsion function to chaos theory [Duan et al., 2005] . This paper reports the findings of the new modified Chua's circuit with the attraction-repulsion nonlinearity, including some new chaotic phenomena, period-doubling bifurcations, periodic orbits, etc., observed through computer simulations. Moreover, the Lagrange stability (i.e. the boundedness of all solutions) are analyzed since it is important in the study of chaos [Duan et al., 2006] .
The outline of this paper is as follows. In Sec. 2, the modified Chua's circuit with an attractionrepulsion function is introduced, and its basic properties including periodic orbits and period-doubling bifurcations are analyzed. In Sec. 3, the modified Chua's circuit in the dimensionless form is further studied, with simulation results showing various complex chaotic dynamics. In Sec. 4, the parameter region of the Lagrange stability is given and analyzed for the dimensionless modified Chua's circuit. In Sec. 5, some computer simulations on the modified Chua's circuit with an attraction-repulsion function are presented, in comparison with those on the modified Chua's circuit with a cubic function. In Sec. 6, a generalization of the new circuit to one that can generate multiple scrolls is presented. In Sec. 7, a circuit realization of the new modified Chua's circuit is presented with some experimental observations. Finally, Sec. 8 concludes the paper.
The New Chaotic Circuit and Its Basic Properties
The original canonical Chua's circuit is shown in Fig. 1 , which is synthesized by using five linear elements (two capacitors, C 1 , C 2 , one inductor, L, and two resistors, R 0 , R 1 ), along with one nonlinear resistor (N R ) which can be built on off-the-shelf op-amps. The circuit equations follow from Kirchoff's laws:
where v C 1 and v C 2 are the voltages across the capacitors C 1 and C 2 , respectively, i L denotes the current through the inductance L, and the term g(v C 1 ) represents the characteristic of the nonlinear resistance. Here, g(v C 1 ) can be expressed mathematically as
in which m 0 and m 1 are appropriate constants with m 0 < 0 and m 1 < 0 [Chua, 2002b] , as shown in Fig. 2 . Now, substitute the piecewise-linear function g(v C 1 ) with an attraction-repulsion function defined by
where a, b, and c are constants. For the y ∈ R 1 case, two graphs of the function (1) are shown in Fig. 3 . Obviously, one function has three real roots while the other has only one real root.
With the attraction-repulsion function, the modified Chua's circuit is described by 
Basic dynamical analysis: Equilibria
The equilibria of the new circuit can be found by solving the following algebraic equations simultaneously:
It follows from (3) that
Obviously, S 0 = [0, 0, 0] is one equilibrium. Furthermore, by setting
, two other equilibria can be obtained, as
Remark 1. System (2) is symmetric with respect to the origin, which can be proved via the following transformation:
And obviously S 1 and S 2 are symmetric with respect to the origin.
Remark 2. System (2) has three real equilibria when parameters a and b satisfy the following inequality:
Throughout this section, for numerical simulations, take the parameter values as
Remark 3. Let matrix A be the linear part of system (2). Then, system (2) can be rewritten aṡ
where
and
). It is easy to see that f 1 is bounded when c < 0. Here, a is the only variable parameter of A and A is Hurwitz stable when a ∈ [−0.4975, ∞) . Under the conditions that f 1 is bounded and A is Hurwitz stable, one can easily draw the conclusion that system (2) is Lagrange stable, i.e. all solutions of system (2) are bounded. When A is unstable, the Lagrange stability conditions are not satisfied. Computer simulation shows the existence of unbounded solutions of system (2), as displayed in Fig. 4 , with initial value x 0 = (0.002, 0.009, −0.002) T . The following investigation of dynamical behaviors of systems is under the Lagrange stability conditions. 
Stability of equilibria
By linearizing system (2) at S 0 , one obtains the characteristic equation 
Let b = −0.5. Then, based on the Routh-Hurwitz criterion, S 0 is stable when 0.002488 < a < 0.011935 or a > 0.40929. Table 1 shows the eigenvalues of system (2) at S 0 with respect to the variable parameter a. When 0.002488 < a < 0.011935 or a > 0.40929, the system orbit is a fixed point S 0 (as shown in Figs. 5(a) and 5(d)). When a = 0.40929, the system orbits constitute a cluster of periodic orbits surrounding S 0 (Fig. 5(b) ). When 0.011935 < a < 0.40929, although S 0 is an unstable equilibrium, system (2) is Lagrange stable and the system orbit is a stable periodic orbit [Fig. 5(c) ]. When a < 0.002488, based on condition (5), the system has a pitchfork bifurcation and produces two new stable equilibria, S 1 and S 2 , simultaneously. By linearizing system (2) at S 1 (or S 2 ), one obtains the Jaccobian
, one obtains the following characteristic equation:
By some tedious numerical calculations, one can verify that S 1 and S 2 are stable equilibria for a ∈ (−0.00226, 0.0025) or a ∈ (−0. where a 0 , a 1 are critical values, implying that system (2) has a Hopf bifurcation. With respect to the variable parameter a, the bifurcation diagram and the Lyapunov-exponent spectrum (see Figs. 6(a) and 6(b)) show the transition from periodic orbits to chaos, when a ∈ [−0.011, −0.006]. When system (2) is chaotic, it has a positive Lyapunov exponent. Some periodic orbits appear when the maximum Lyapunov exponent equals zero. The corresponding periodic orbits and Lyapunov-exponent spectrum versus time t are shown in Figs. 6(c)-6(k). Here, the initial conditions are chosen near the origin. 
Numerical Analysis of the Normalized Circuit
For convenient numerical analysis of system (2), rescale the parameters with
and redefine τ with t. Then, the normalized equations of the modified Chua's circuit are given bẏ
where f (x) = ax + bx exp(cx 2 ). Fix a = −0.02, b = c = −0.5. Then, the dynamics of system (9) depend only on the parameters α, β, γ and k. Letp = 1/c ln(−(1 + kα(1 + γ))/(kb(1 + γ))). One obtains three equilibria of system (9):
Obviously, these equilibria are symmetric with respect to the origin. Similarly to system (2), system (9) is Lagrange stable if its linear part is Hurwitz stable. Several simulations have been carried out, with some new findings summarized as follows:
3.1. Fixed β = 12, γ = 0.005, k = 2 When 0 < α < 8.1, the orbit of system (9) is a fixed nonzero point; when 8.1 < α < 9.2 or α > 10.5, the system has a periodic orbit. From the analysis of the parameter region of Lagrange stability in Sec. 4 (see Fig. 13 ), it can be seen that, in the present case, the parameters are located in the Lagrange stable region. As shown in Fig. 8(a) , system (9) evolves to chaos through a series of perioddoubling bifurcations when α ∈ [9.2, 10.5]. One part of Fig. 8(a) is magnified and displayed in Fig. 8(b) , which shows the transitions from chaos to nonchaos and from nonchaos to chaos of system (9) with a periodic segment splitting a region of chaos into several parts. Interestingly, system (9) displays a one-scroll chaotic orbit when α ∈ [9.52, 9.69]. Moreover, the system phase portrait evolves to another cyclic orbit when α ∈ [9.731, 9.844], with the corresponding portraits are shown in Figs. 8(c)-8(j).
3.2.
Fixed α = 10.5, β = 12, k = 2
In this subsection, the dynamics of system (9) in the region of 0 < γ < 24 are studied. When γ > 24, system (9) does not satisfy the Lagrange stability conditions (see Fig. 12 ) and it escapes to infinity (see Fig. 9(b) ). When 0.051 < γ < 24, the system orbit converges to a fixed point; when 0 < γ < 0.0034, the system orbit is a periodic orbit. Figure 9(a) shows the inverse bifurcation diagram of system (9) in the region of 0.0034 < γ < 0.06, where the system has very rich dynamical behaviors. As in Sec. 3.1, the inverse bifurcation diagram also shows the transitions from chaos to nonchaos and from nonchaos to chaos of the system with periodic segments splitting the region of chaos into several parts. And, with decreasing γ, some periodic orbits and some chaotic orbits of system (9) are shown in Figs. 9(c)-9(j). It can be easily seen that although these orbits look different, they share many similarities in terms of shape and location. Figures 9(k) and 9(l) show two symmetric periodic orbits generated by a tiny change of γ.
3.3.
Fixed α = 10.5, γ = 0.005, k = 2
Now, fix α = 10.5, γ = 0.005, k = 2 and let parameter β vary. When 0 < β < 2.87, the orbit of system (9) first wanders around and then escapes to infinity. As shown in Fig. 13 , in this case, the parameters are out of the Lagrange stable region. When β > 17.1, the system orbit converges to a fixed point provided that the initial value is small (as shown in Fig. 10(b) ). Inverse period-doubling bifurcation of system (9) in the region of 11.95 < β < 14 is shown in Fig. 10(a) . One can see that the bifurcation diagram is similar to Fig. 8(a) . A chaotic orbit of system (9) is shown in Fig. 10(c) . As β increases, the orbit evolves to a three-loop-like periodic one through inverse bifurcation, as shown in Fig. 10(d) . It is clear from Figs. 9(c)-9(l) that, although the two orbits look different, they share some similarities in terms of shape and location. Furthermore, two quite different cyclic orbits are shown in Figs. 10(e) and 10(f). Furthermore, fix γ = 0.005 and k = 2 and let parameters α and β vary. Figure 11 shows a local parameters division (9.1 ≤ α ≤ 10.5, 10.5 ≤ β ≤ 18). In Fig. 11 , there are mainly four regions: blue, green, yellow, and red divisions, representing convergent areas (F), periodic strip (P), onescroll chaotic areas (S) and double-scrolls chaotic areas (C). Pale yellow represents the transition areas (T). It can be easily seen that the dynamics of system (9) are varied following the trace. The line "a → h" begins with the periodic strip (P), crosses the transition areas (T) and then reaches the one-scroll chaotic areas (S). Subsequently, the system begins with the periodic strip (P) again, but at this time the shapes of circuits being different from previous ones, crosses transition areas (T) and reaches double-scrolls chaotic areas. Finally, Fig. 11 shows the processes of the system dynamics from chaos to nonchaos and then from nonchaos to chaos, with periodic segments splitting the region of chaos into several parts.
Parameter Regions of Lagrange Stability
Lagrange stability is very important in chaos study since chaotic orbits are all bounded. When the Lagrange stable conditions are not satisfied, unbounded solutions of a chaotic system may exist [Duan et al., 2006] . In what follows, corresponding to the analysis of the dynamics of system (9) in Sec. 3, an analysis of parameter regions of Lagrange stability of the system is carried out in detail. Take parameter c < 0 in system (9). The linear part of system (9) can be written as
As pointed out in Remark 3, system (9) is Lagrange stable if A is Hurwitz. The characteristic equation
of (10) is
Let
Then, system (9) (12) is independent of the parameter b. In the following, parameter regions of the Lagrange stability are discussed for two cases. It is easy to see that d 2 = 0 is a hyperbola on the α-γ plane with asymptotes γ = 0.0035 and α = −1.0417. For the variable γ, d 4 = 0 can be seen as a cluster of parabolas with respect to parameter α. In Fig. 12 , the Lagrange stable region of system (9) is shown in the range surrounded by the blue color curve. Fig. 13 , the Lagrange stable region of system (9) is shown in the range surrounded by the blue color curve. Compared with the Lagrange stability analysis on the smooth Chua's circuit [Duan et al., 2006] , the analysis of the Lagrange stable region for (9) is harder because the parameters are coupled together in (12).
Attraction-Repulsion Function Versus Cubic Function
It is well known that Chua's circuit with a cubic function can generate a large variety of chaos and bifurcation phenomena, and is structurally the simplest but dynamically the most complex, hence more frequently being used in analysis and design of chaotic circuits [Altman, 1993a [Altman, , 1993b Huang et al., 1996; Zhong, 1994] . In this section, some computer simulations on the modified Chua's circuit with the attractionrepulsion function are presented, in comparison with those on the modified Chua's circuit with the cubic function.
Consider the dimensionless Chua's circuit used in [Tsuneda, 2005] :
wheref (x) =âx 3 +bx andk = ±1. Letã = ka,b = kb,γ = βγ. Then, system (9) can be rewritten aṡ
wheref (x) =ãx +bx exp(cx 2 ) andk = ±1.
Although systems (13) and (14) are similar in form, they have different nonlinear parts. Since c is a fixed negative constant,f (x) andf (x) have two variable parameters, respectively. Becausẽ bx exp(cx 2 ) is bounded, the linear partãx is the primary term off (x) as x tends to infinity. However, forf (x), the nonlinear partâx 3 is the primary term as x tends to infinity. So, the speed off (x) is faster thanf (x) as they tend to infinity.
In the following, some comparisons are presented on the solution orbits of the two Chua's circuits. In Table 1 of [Tsuneda, 2005] , 20 sets of parameter values for system (13) were given. Here, select several sets of the given parameter values (as shown in Table 2 ) in simulations (see . For Chua's circuit with the attraction-repulsion function, some periodic and chaotic orbits are obtained by using the same parametersα,β and γ as used in the circuit with the cubic function, by adjusting the parametersã andb. Here, by choosingk = 1 (see Table 3 ), one can observe some similarities and some differences between the dynamics of the two Chua's circuits. Some corresponding computer simulations are shown in Fig. 18 . 
Generalization to a Multi-Scroll Circuit
It is well known that Chua's circuit with different nonlinear functions, such as multi-breakpoint piecewise-linear function, sine function and hysteresis function, can generate complex multi-scroll chaotic attractors [Lü & Chen, 2006] and references therein. In order to study the complex dynamics of the modified Chua's circuit (9), in this section the attention is focused on the generation of multiscroll attractors [Wang, 2007] . For this purpose, the attraction-repulsion function in system (9) is further modified, as 
By choosing appropriate parameters, the number of equilibria of function (16) 
Circuit Design and Experimental Observations
In this section, a simplified physical circuit is built to visualize the realization of the new system. Since the attraction-repulsion function is an exponential function, as is well known, a truncation of the exponential function is necessary in building a real circuit for its realization. So, an approximate circuitry was built, as shown in Fig. 22 , for the purpose of visualization but not accurate circuitry design.
The attraction-repulsion function of system (2) is thus replaced by its approximation f (x) = −0.52x + 0.25x 3 , and the generated one-scroll chaotic orbits and double-scroll chaotic orbits are shown in Fig. 23 , obtained by tuning the adjustable resistor. 
Conclusions
In this paper, a new modified Chua's circuit with an attraction-repulsion function has been presented. Basic dynamical properties have been analyzed, including pitchfork bifurcation, Hopf bifurcation and various chaotic behaviors of the circuit, under Lagrange stability conditions. Some chaotic behaviors have also been verified by a simplified electronic circuit. This paper confirms that the attractionrepulsion function can play a similar role as the piecewise-linear function and the cubic function in realizing Chua's circuits.
